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Approximate solutions in generalized variables obtained for the temperature profile and 
thermal flux in an individual circumferential fin cooled by a boiling fluid are compared 
with experimental data for Freon 113. 

A n u m b e r  of a n a l y t i c  [1-3] and e x p e r i m e n t a l  [3-5] p a p e r s  have  been  devo ted  to  a s tudy  of hea t  t r a n s f e r  
d u r i n g  bo i l i ng  of a f lu id  on the  s u r f a c e  of i nd iv idua l  f ins  of  c o n s t a n t  c r o s s  s e c t i o n .  L i t t l e  s tudy  has  been  g iven  
to  f ins  of v a r i a b l e  c r o s s  s e c t i o n .  A l i m i t e d  amoun t  of  w o r k  was devo ted  to  a s tudy  of hea t  t r a n s f e r  d u r i n g  
bo i l i ng  of a f lu id  in  un i t s  wi th  c i r c u m f e r e n t i a l  f i n s ,  a l though  tubes  wi th  c i r c u m f e r e n t i a l  f inning  a r e  of ten u sed  
in  h e a t - e x c h a n g e  e q u i p m e n t  ( e v a p o r a t o r s  and c o n d e n s e r - - e v a p o r a t o r s ) .  Heat  t r a n s f e r  was i n v e s t i g a t e d  e x p e r i -  
m e n t a l l y  [6] f o r  bo i l i ng  of F r e o n  113 on tubes  wi th  c i r c u m f e r e n t i a l  f inning of s ix  s i z e s .  T h e  d a t a o b t a i n e d w e r e  
c o m p a r e d  wi th  the  r e s u l t s  of  n u m e r i c a l  c o m p u t e r  c a l c u l a t i o n s .  

We c o n s i d e r  the  o n e - d i m e n s i o n a l  equa t ion  of s t a t i o n a r y  t h e r m a l  c onduc t i v i t y  fo r  a c i r c u m f e r e n t i a l  fin 
of v a r i a b l e  c r o s s  s e c t i o n :  

~o R +-----p" 

The  b o u n d a r y  cond i t i ons  a r e  a s  fo l lows :  

whe r e  
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As  shown in [7], wi th  a s m a l l  p a r a m e t e r  p r e s e n t  in the  l ead ing  d e r i v a t i v e  (p~), i t  i s  p o s s i b l e  to ob ta in  
an a s y m p t o t i c  a p p r o x i m a t i o n  to the  so lu t i on  fo r  Eq.  (1) which  i s  in  the  f o r m  of a s e r i e s  e x p a n s i o n  in t e r m s  of 
the  p a r a m e t e r  p 0": 

w h e r e  T = R//~ 0. 

e = h (~) + ~0fl (~) + . . . .  

* F o r  e x a m p l e ,  the  va lue  of g02 does  not  e x c e e d  0.3 fo r  o r g a n i c  f lu ids  and 0.04 f o r  w a t e r  d u r i n g  coo l ing  of  
c o p p e r  c i r c u m f e r e n t i a l  f ins  3 -4  m m  t h i c k  and 20 :30  m m  high when ~0 = 20~ 
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We expand the function 6(R) in a Tay lo r  s e r i e s :  

6(R) = 6 (0) + 6' (0) R + . . . .  ] + ~o~,~ + . . . ,  (4) 

where  T = ~'(0). 

The r ight  side of Eq. (1) can be r ep re sen ted  as the s e r i e s  

H (0) = H If0 (r) + ~ofl (r) + . .  l = H [h (~)1 + ~0h (r) Ho [To (r)l + . . . .  (5) 

Limit ing ourse lves  to two t e r m s  of the expansion for  s impl ic i ty  of solut ion,  substi tuting Eqs.  (3), {4), 
and (5) into Eqs .  (1) and (2), and equating t e r m s  with like powers  of #0, we obtain equations and boundary 
conditions for  the de te rmina t ion  of the functions f0 and f l :  

d 's  (~) _ H [fo (r)l 
d, 2 / 
f o = l  for T = O  ~ (6) 

dr~ = 0 for r = 1/~o 1' 
dr 

d~f~ ('t')dT 2 H~176 d [Tr df~ -c f~ [ dr 

f l = O  for T = 0  ~,. (7) / 
dfl = 0  for r =  1/l~o 
dr --- J 

Although the function H(| i t se l f  is  nonl inear  in this c a s e ,  a solution of Eq. (6) which does not contain 
the a rgument  T on the r ight  side is de te rmined  in quadra tu res .  The equations for  succeeding functions (fl e tc .  ) 
a r e  l inear ,  and the re fo re  the i r  solutions can often be obtained in final f o rm .  

We cons ider  the applicat ion of the method d iscussed  above for  the case  of bubbling boiling over  the ent i re  
su r face  of a fin. * 

For  the ma jo r i ty  of f luids,  a(~) ~ ~2 [H(O) = 03]. In tegrat ing Eq. (6) over  the l imi t s  of var ia t ion of the 
functional values  at  the base  and top of the fin,  we obtain 

fo !I,,o ;= 
2 \  d~ 

f0 ~ 

Since the value of (fh)4 can be neglected ((fh)4<<fio [8]), we have 

dfo _ f~ 
d,  ~/~ '  

1 
fo= 

(8) 

(9) 

(10) 

Using Eq.  (10) fo r  the solution of Eq. (7), we obtain 

I dV, 3 h = ~ 
2 du n u 2 u 3 

~+ l 
]/,~- pu2 ' (11) 

where u = 1 + (~/4-~). 

The gene ra l  solution of Eq. (11) is 

f l  = Q u3 + C~ u-~ - -  
1 (12) 

* The zone of f r ee  convection has lit t le effect  on the total  t h e r m a l  flux and is not taken into cons idera t ion  

here .  



Using the boundary  condi t ions  (7), we find app rox ima te  values  fo r  the cons tan t s  C 1 and C2: 

c1=0; 

Subst i tut ing Eqs .  (10) and (12) into Eq.  (3), we obtain 

1 _ _  y u  -~ ~_ 1 ( y _ _  . 

F o r  a c i r c u m f e r e n t i a l  fin of cons tan t  t h i cknes s ,  Eq.  (13) t r a n s f o r m s  to 

(13) 

~o (u - z -  I). O = u - X +  3V2-p 

The thermal flux through the base of the fin is 

d-~- =r a = V 2 ~ t o  (r e - -  Q) du = {}o l ~  50 1 -~ 

(14) 

(15) 

F o r  the c a s e  of bubbling boi l ing of a fluid on the su r f ace  of a c i r c u m f e r e n t i a l  fin of cons tan t  th ickness  
(T = 0), a second  approx ima t ion  of the c o r r e s p o n d i n g  expansion (3) was ca lcu la ted .  The function f2('r) s a r i s -  
t ies  the equat ion 

d% (-c) 
d'd 

The boundary  condi t ions  a r e  

I "c dfo ('0 1 df i  ('c) 
Ho [fo ('0] f~ (x) = -~- Ho, [fo ('0] [5 (x)] ~ + p--~-" d ~  - -  ~ " d ~  (16) 

1 
f ~ = O  for x = O ,  -'~ = 0  for " c -  . 

d't: 1% 
(17) 

The solut ion fo r  the funct ion f2 has the f o r m  

1 g -  ~ (~t -~ + 5u --  6) 

and the t h e r m a l  flux dens i ty  th rough  the base  of the fin is 

q ~ 1 7 6  6o E l + - 3  " p 9 ~,-p-) J 

(18) 

(19) 

F o r  a c i r c u m f e r e n t i a l  fin of cons tan t  th i ckness  (T = 0), computed  re la t ions  were  obtained for  the c o e x i s -  
tence  of t h r ee  boil ing zones  on the fin: bubbling boil ing (c~ ~ ,~2 fo r  ~ < ~c~l>~ a zone of c r i t i c a l  t h e r m a l  flux in 
which the t h e r m a l  flux dens i ty  is a s s u m e d  cons tan t  and equal  to q c r  (a fo r  $c r t  -<- ~ -< ~1), and a t r a n s i -  
t ional  zone (~ ~ ,~-4 fo r  ~ > ~l)- F o r  a n o n i s o t h e r m a l  s u r f a c e ,  such  approx imat ion  by power  funct ions is  c lo se  
to the boil ing c u r v e s  f o r  F r e o n  113 and wate r  (up to ~0 = 100~ [9]. F inal  exp re s s ions  a r e  p r e sen t ed  below fo r  
the t h e r m a l  flux dens i ty  t h rough  the base  of the fin which were  obtained by us ing the f i r s t  approx ima t ion  ( in ter -  
med ia t e  ca lcu la t ions  omit ted) :  

n~), (20) q 0 = ~ } c r l V C c c r i - -  ~ K i ( l +  T-  

where  i is  the n u m b e r  of the zone at the base  of the fin. * In c o n t r a s t  to Eq.  (15), i t  is  m o r e  app rop r i a t e  to 
take the c r i t i c a l  p a r a m e t e r s  '~crl and (~crl as c h a r a c t e r i s t i c  p a r a m e t e r s  in the case  of  two o r  t h r e e  boiling 
zones :  

~t 1 1 / ~  s ~o 
P rl i /  ~ and 0 o -  ~crl" 

* In the c a s e  of o n e - s i d e d  coo l ing ,  5 is unde r s tood  to mean  twice the th ickness  of the fin. 
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Fig. z 
Fig. 1. Diagram of experimental  device.  

~'o I z , i 1 
- _  

3 ~ r /  [ . ,  ! 
/ , j , , I  i~  i o / 

/0' 

1 \ I  I 
, t 

10 2 4' r 0 lOZ ~o 

Fig. 

Fig. 2. Dependence of thermal  flux density on tempera ture  head during boiling 
of Freon 113: 1, 5) experimental  data for  c i rcumferent ia l  fin and i so thermal  s u r -  
face,  respect ively;  2, 3) f rom Eq. (20) and computer  calculation for  a c i r cum-  
ferent ial  fin, respect ively;  4) f rom Eq. (20) for  a s traight  fin; 6) approximation 
to data of [9], q0, W/cm2; ~0, ~ 

F o r O  o<__1 ( i  =1) ,  

K1 = 002; 17, . . . .  3 .... -0~" 

For  1 _< O o ~ O 1 (01 = $ I /$c r l ;  i = 2), 

K, = V ~ o -  a; /7, = 
3 V ~  Ki " 

For  0o > 01 (i = 3) 

1 

Oo - -  01 //~ ( 0 1 )  + O~ - -  01 
y 2 - K 3  

H8=~---~-~3 + 1 +  4 0 , - - 3  
2 (Oo  - -  01 )  

Equation (20) with p = ~o, which determines  the thermal  flux t r ans fe r red  by a straight  fin, is s imi lar  to 
the expression obtained in [8] for  so-ca l led  "asymptot ic"  fins, for which the thermal  flux through the base is 
p rac t ica l ly  independent of the length of the fin. 

Experimental  study of heat t r ans fe r  during boiling of Freon 113 on a c i rcumferent ia l  fin at a tmospher ic  
p r e s s u r e  was ca r r i ed  out on the device d iagrammed in Fig.  1. The face of the copper  block 2, a disk 2.2 mm 
thick with an outer  d iameter  of 140 nun,  was introduced into the stainless steel  tank 1. The Teflon cyl inder  4 
(30 mm in diameter)  was p res sed  against the disk by means of the sc rew 3. The fluid boiled on the c i r c u m -  
ferent ia l  surface of the disk not covered by the cylinder.  This simulated a single c i rcumferent ia l  fin cooled 
f rom one side on a supporting tube 30 mm in d iameter .  Tempera tures  on the cyl indr ical  measur ing section, 
at var ious points on the disk, and in the volume of the fluid were determined with the Chromel--Alumel  the r -  
mocouples 5 (0.2 mm in diameter) .  The copper block was heated by the e lec t r ica l  heater  6. An additional 
heater  not shown in the figure was introduced into the volume of the fluid in o rder  to maintain it at saturation 
t empera tu re .  The a r rows  indicate vapor  exit and condensate entrance.  

The thermal  flux was determined f rom the readings of the thermocouples  on the cyl indrical  measur ing 
section and in the disk beneath the Teflon cyl inder  4. The observed discrepancy of 10% was associa ted with 
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F i g .  3. D i m e n s i o n l e s s  t e m p e r a t u r e  a s  a funct ion  of d i m e n s i o n I e s s  r a d i u s .  E x -  
p e r i m e n t a l  da ta :  1) q0 = 53, ~0 = 18; 2) q0 = 78.5 ,  ~0 = 23.1; c o m p u t e d  da t a :  3,  4) 
f r o m  Eq .  (14) f o r  ~0 = 18 and 23 .1 ,  r e s p e c t i v e l y ;  5, 6) fo r  a s t r a i g h t  f in ,  f r o m  
[3], ~0 = 18 and 23.1.  q0, W/cm2;  ~0, ~ 

F i g .  4. C o m p a r i s o n  of e x p e r i m e n t a l  and c o m p u t e d  t h e r m a l  f lux d e n s i t i e s  f o r  
F r e o n  113 bo i l ing  on c i r c u m f e r e n t i a l  f ins :  1) d a t a  f r o m  th i s  work :  r 1 = 15,  6 = 2.2,  
h = 55; 2, 3) d a t a  f r o m  [6]: r 1 = 12.7 ,  6 = 0.58,  h = 9.5 and r 1 = 15 .9 ,  6 = 5.1,  h = 
25.4, r e s p e c t i v e l y ,  q,  W/cm2;  r l ,  6 ,  and  h a r e  in  m m .  

f low a long  the  Te f lon  c y l i n d e r  (1-1.5%) and wi th  the  e r r o r  in t e m p e r a t u r e  d e t e r m i n a t i o n .  The  m a x i m u m  r e l a -  
t i ve  e r r o r  in the  d e t e r m i n a t i o n  of q0 was  •  c o r r e s p o n d i n g  to an e r r o r  of  •  in the  d e t e r m i n a t i o n  

of ~0. 

C o n t r o l  e x p e r i m e n t s  w e r e  a l s o  p e r f o r m e d  on the  bo i l ing  of F r e o n  113 on an  i s o t h e r m a l  s u r f a c e ;  fo r  t h i s ,  
an a s s e m b l y  in which  the  f ace  of a c o p p e r  b l o c k  35 m m  in d i a m e t e r  s e r v e d  as  the  hea t ed  s u r f a c e  was i n t r o d u c e d  
into  the  t ank  1. 

F i g u r e  2 p r e s e n t s  e x p e r i m e n t a l  da t a  f o r  an i s o t h e r m a l  s u r f a c e  and a c i r c u m f e r e n t i a l  f in  wi th  o n e - s i d e d  
coo l i ng  in  the  t e m p e r a t u r e - h e a d  r a n g e  e n c o m p a s s i n g  the  m o d e s  of  bubbl ing  bo i l i ng  and t r a n s i t i o n a l  bo i l ing  (up 
to  ~0 = 80~ �9 A l s o  shown is  c u r v e  2 c a l c u l a t e d  f r o m  Eq.  (20). F o r  t h i s ,  the  l o c a l  t h e r m a l  f lux  d e n s i t y  fo r  
bo i l ing  on a n o n i s o t h e r m a l  s u r f a c e ,  which was ob ta ined  in [9], was a p p r o x i m a t e d  by the  fo l lowing  r e l a t i o n s :  
q = 1 . 1 - 1 0 - ~  3 f o r  ~ -< 23.9 ( reg ion  of bubbl ing  boi l ing) ;  q = 15 f o r  23.9 -< ~ -< 35 ( c r i t i c a l  r eg ion ) ;  q = 6 . 4 4 . 1 0 5 .  
~-3 fo r  35 _< ~ _< 70.6 ( reg ion  of t r a n s i t i o n a l  boi l ing)  ; t h e s e  a r e  i n d i c a t e d  by the  l ine  6. The  r e s u l t s  of c o m p u t e r  
c a l c u l a t i o n s  (by the  R u n g e - - K u t t a  method)  p e r f o r m e d  by us  wi th  the  s a m e  bounda ry  cond i t i ons  f o r  a c i r c u m -  
f e r e n t i a l  f in wi th  an e x t e r n a l  d i a m e t e r  of 140 m m  ( e x t e r n a l  d i a m e t e r  of the  d isk)  a r e  shown by c u r v e  3 {~z = 
0.0441,  ~/p  = 0.77). 

As i s  e v i d e n t ,  the  e x p e r i m e n t a l  da t a  a r e  10-15% h i g h e r  than  the  r e s u l t s  of the  c a l c u l a t i o n  b a s e d  on Eq.  
(20) and 15-20% h i g h e r  than the  r e s u l t s  of the  n u m e r i c a l  c a l c u l a t i o n .  

The  t h e r m a l  f lux d e n s i t y  q0 c a l c u l a t e d  f r o m  Eq.  (19) i s  a p p r o x i m a t e l y  5% be low the c o r r e s p o n d i n g  v a l u e s  
ob ta ined  f r o m  Eq .  (20) and i s  i n  p r a c t i c a l  a g r e e m e n t  wi th  the  r e s u l t s  of the  n u m e r i c a l  c a l c u l a t i o n .  

When p = ~o Eq.  (20) d e g e n e r a t e s  into a r e l a t i o n  f o r  " a s y m p t o t i c "  s t r a i g h t  f ins  (curve  4). In the  r e g i o n  
Of l a r g e  t e m p e r a t u r e  h e a d s ,  the  d e v i a t i o n  of  c u r v e  4 f r o m  the  e x p e r i m e n t a l  da t a  fo r  a c i r c u m f e r e n t i a l  f in  
r e a c h e s  80-90%. 

One shou ld  note  the  r e l a t i v e  s t a b i l i t y  of  the  t h e r m a l  f lux  d e n s i t y  a t  the  b a s e  of  a f in wi th  r e s p e c t  to a 
t e m p e r a t u r e  sh i f t  in  the  func t ion  ~ (~) a p p r o x i m a t i n g  the  bo i l ing  c u r v e .  The v e r y  n a t u r e  of  l o c a l  bo i l ing  c u r v e s  
( p r e s e n c e  of  a bubbl ing  bo i l ing  zone w h e r e  dq /d~  > 0 and of t r a n s i t i o n a l  bo i l ing  w h e r e  d q / d ,  < 0) l e a d s  to c o m -  
p e n s a t i o n  of  the  r e d u c t i o n  in hea t  t r a n s f e r  in s o m e  s e c t i o n s  by i t s  i n c r e a s e  in  o t h e r s  in  the  c a s e  of  a t e m p e r -  
a t u r e  sh i f t  (for l a r g e  t e m p e r a t u r e  heads  at  the  b a s e  of  a f in) .  In add i t i on ,  q0 ~ ~0.5 in the  c a s e  of s m a l l  P0 so 
tha t  an i n s i g n i f i c a n t  change  in  a (~) l e a d s  to  a s t i l l  s m a l l e r  change  in q0. 

F i g u r  e 3 shows  e x p e r i m e n t a l  t e m p e r a t u r e  p r o f i l e s  and p r o f i l e s  c a l c u l a t e d  f r o m  Eq .  (14) f o r  bubbl ing  
bo i l i ng  of F r e o n  113 on the  s u r f a c e  of  a c i r c u m f e r e n t i a l  f in .  T e m p e r a t u r e  p r o f i l e s  fo r  a s t r a i g h t  fin c a l c u l a t e d  
in  [3] a r e  a l s o  shown ( cu rves  5 and 6). In the  r e g i o n  of s m a l l  d i m e n s i o n l e s s  r a d i i  R, the  e x p e r i m e a t a l  and 



computed values of ~/~0 a re  c lose ,  which is e~2dence of the good agreement  between calculated and exper i -  
mental  values for  the thermal  flux density at the base of a fin. The divergence increases  in proport ion to the 
inc rease  in R and reaches  30-35%. 

It is of in teres t  to see how well calculation by the proposed method agrees  with the experimental  data of 
other  authors.  Because of the absence of data on heat t r ans fe r  f rom individual c i rcumferent ia l  fins,  the resul ts  
in [6] for  finned tubes were used to calculate heat t r ans f e r  f rom an individual fin located on the tube. To do 
this ,  the the rmal  flux f rom the smooth portion of the tube, which was also studied in [6], was subtracted f rom 
the total  the rmal  flux re leased by a fin and by the portion of the supporting wall between fins. 

Figure 4 shows a compar ison of experimental  data f rom the present  work for an "asymptotic" fin and of 
data calculated f rom [6] for individual, near ly  "asymptot ic"  fins [parameters :  r I = 15.9, h = 25.4, 5 = 5.08 mm 
(tube A) and r 1 = 12.7, h = 9.5, 5 = 0.584 mm (tube H)] with calculated data based on Eq. (20). The approximate 
relat ions for Freon  113 boiling on a nonisothermal  sur face  given above were used in the calculation. The large 
gap between fins on tubes A and H (13.9 and 4.5 nun,  respectively) eliminated its effect on heat t r ans fe r  both 
f rom the fin and f rom the portion of the supporting tube between fins. Experimental  data were no more  than 
20-25% higher than calculated data over  the entire range of thermal  flux densi t ies .  

NOTATION 

q, thermal  flux density; ~, r ,  r l ,  6, t empera ture  head, fin radius,  fin base radius ,  and fin thickness;  
O, R, p, 5, dimensionless  t empera tu re  head, fin radius ,  fin base radius,  and fin thickness; r2, h, F ,  P ,  
external  radius ,  height, c ro s s - s ec t i ona l  a rea ,  and pe r ime te r  of fin; h, a ,  coefficients of thermal  conductivity 
and heat t rans fe r ;  

! | /  )'50 
[ C~ 0 j r$ - - s  

T = R/~0, dimensionless parameters; f0, f l ,  f2 and K, 11, functions of T and | @I, respectively. Indices: 0, 
fin base; h, fin top; cr, critical; calc, calculated; exp, experiment. 
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